We show that the macroscopic current and charge can be formulated as a Quantum Mechanical zero mode problem. We find that the current is given by the velocity operator of a particle restricted to move around a circle. As an explicit example we investigate a Luttinger liquid of length L which is perturbed by a time dependent impurity. Using the statistical mechanics of zero modes we computed the non-equilibrium current. In particular we show that in the low temperature limit, L T /L > 1, the zero mode method introduced here becomes essential for computing the current.
In a two dimensional electron gas, the presence of an external potential gives rise to a one-dimensional conducting channel named quantum wire [1] . Quantum wires are characterized by a quantized conductance of 2e 2 /h per channel. The presence of the electron-electron interaction is characterized by the interaction parameter "K", which affects the tunneling conductance [2, 3] . In quantum Hall experiments, the inter-edge tunneling is also characterized by the interaction parameter "K" [4] .
The analysis of the transport phenomena requires the understanding of the macroscopic quantities such as charge and current at zero momentum. We will show within the Hamiltonian formalism that the quantized zero mode operators can be used to compute the macroscopic current in the presence of interaction and time dependent scatterers.
As an explicit example we will compute the non-equilibrium current for a Luttinger liquid, perturbed by a time dependent backscattering impurity. Using the interaction picture we will find an exact expression for the zero mode coordinates. The time derivative of the zero mode will give the non-equilibrium current. We will compute the current in two limits, L/L T > 1 -quantum wire case and L/L T < 1 -mesoscopic case (L T is the thermal coherent length given by L T =hv/(K B T )).
Comparing with the results given in ref. [2] for L → ∞ we find similar results for ("f " is the impurity frequency and "f DS " is the equivalent frequency for the drain-source voltage)
, and L/L T > 1. For the time dependent impurity, f = 0 and f DS = 0 the current is affected by the frequency f only when h|f + f DS | > K B T .
We find an interesting result in the limit L T /L > 1. In this limit the single particle fermionic spectrum (absent in the standard bosonization) reproduced by the zero mode becomes essential for the calculation of the current. We find for f = 0 and f DS = 0 that the current "I" is proportional to ef and is periodic in eV GS , the static chemical potential, reflecting the quantization of charge.
Bosonization has become the standard method in one dimension since it allows to incorporate in a trivial way the interactions. For transport problems one must be able to add and subtract particles, such a thing is not trivial within the Bosonization method [5] .
This problem has been solved by using zero modes in addition to the particle-hole bosonic variables [5] [6] [7] [8] . Here we will show how the zero mode method can be used for computing macroscopic quantities such as current and charge. Following Ref. [5, 6] we replace the
where R and L represent the right and left movers, with
, and ψ L (x) = χ LψL (x) where
are the fermionic degrees of freedom ("x" independent) which keep the anticommutation relation between the left and right movers [7] (An alternative possibility used in Ref. [5] is to represent the χ i in terms of the Klein's factors). The operatorsψ R (x) andψ L (x) are expressed in terms of bosonic variables and zero modes for a chain of length L,
The fermionic fields given in Eq.1 obey antiperiodic boundary conditions. θ R (x) and θ L (x) represent the particle-hole excitation with no zero mode which obey
are the zero modes which obey the commutation rules:
. The operatorsN R andN L measure the number of fermions,
α R and α L play the role of the coordinate of a particle on a circle, 0 ≤ α R/L ≤ 2π, and N R , N L are the canonical conjugate momentum for a rotator. As a result e ∓iα R and e ±iα L act as a creation (annihilation) operator of particles,
Next we will introduce the macroscopic currents. We will use the method used in quantum mechanics where one replaces the "momentum" operator with the "velocity" one. In each channel we add N R and N L charges. using the balistic time f
When we introduce a time dependent potential we expect that the current should depend on this potential. The N R and N L play the role of the momentum. When we look for the current we need the "velocity" operator which is given by dα R /dt and dα L /dt. As a result we define the two currents to be:
. In the absence of an potential we can show
In order to clarify this point we consider the zero mode Hamiltonian for a free fermion coupled to time dependent potential ǫ R (t) and ǫ L (t),
Using the Heisenberg equation of motion we compute the currents I R and I L :
We also can ask what is the total current on total charge. We have
and for the charge
For the remaining part we will compute the macroscopic zero mode current I = = eV GS and µ L − µ R = eV DS .
The reservoir is characterized by
. µ R and µ L are the chemical potentials at the leads. We follow the definition used in Ref. [9] where µ R and µ L are the non-interacting right and left densities. It is important to remark that the effect of the external reservoir is to change the boundary condition given in Eq. 
Similarly for zero modes we define the charge and such a term when we couple a driven optical phonon field with a frequency ω = ω(q) and momentum q ∼ 2K F to the electrons. It is assumed that the coupling occurs only in a restricted region in space d ≪ L which justifies to approximate the problem by a localized impurity.) The effect of the time dependent impurity is similar to an oscillating atom which induces a charge density wave, ψ †
In the absence of any other source a charge density wave will depend on the relative phase between the field and the electrons.
In the remaining part we will compute the time dependent current I H (t) in the Heisenberg picture for the Hamiltonian H given in Eqs.2-6. Following the discussion in the previous paragraph we will define the current as a time derivative of the zero mode coordinate α:
In Eq.7 α H is the zero mode coordinate in the Heisenberg representation. The time revolution of the operator α H can be expressed within the interaction picture:
where
U(t, 0) is the unitary evolution operator:
Combining Eqs.7-11 we construct the statistical averaged current I:
In Eq.12 we have introduced the notation ρ(H 0 ) = ( T r e −βH 0 ) −1 e −βH 0 ≡ wherẽ
. The coordinate α I (t) is restricted to a circle, α I (t) def = 2πn +α I (t) whereα I (t) is restricted to the interval [0, 2π] and "n" is an integer winding number. As a result we obtain:
The last expression vanishes since it represents a trace of a commutator with bounded operators.
As a result we find from Eq.13
Eq.14 shows that when the Hamiltonian has no external potential, the "velocity" coincides with the "momentum" and I = evK LĴ
. The result for the current obtained here (λ = 0) is the same as that obtained in Ref. [10] . The presence of the factor K is due to the fact that the Hamiltonian H 0 is the Luttinger liquid given in Eq.4. The operatorĴ = N L − N R is given in terms of the unperturbed N L and N R defined for the non-interacting case.
Using the explicit form of U(t, 0) given in Eq.10 we find to second order in the impurity strength the result:
The term · · · n=0 represents the expectation values with respects to the zero mode Hamilto-
. The second term vanishes since it contains the operators e ±iα (The expectation value for the terms of the forms N R |e ±iα R |N R and N L |e ±iα L |N L are zero). The third term decouples into two expectation values, · · · n =0 (the bosonic part) and · · · n=0 (the zero mode part) which is not zero, since the zero mode coordinate α cancels. As a result we find:
In Eq.16 we observe that the current is determined by the zero mode expectation value · · · n=0 and separately by the bosonic part F (s) . a) We consider first the quantum wire limit
is the thermal length. In this limit we obtain:
In Eq.17 f DS is either positive or negative since it depends on the drain source voltage V DS . We introduce the dimensionless length "ℓ":
. Using the dimensionless length ℓ we find:
From Eq.18 we find forλ = 0 the conductance is independent from the interaction parameter K,
. From Eq.18 we observe that the current grows with the increases of temperature (decreases of ℓ). The results obtained in Eq.18 are in agreement with the one obtained in ref. [2] for f = 0 and L → ∞.
We want to mention that the formalism presented here is applicable to the "persistent current" problem [5, 12, 13, 6] . In particular we want to emphasize that the result of the "persistent current" follows from Eq.17 once we substitute eV DS /h = (2π/L)(vK)(Φ/Φ 0 ), where "Φ" is the external flux and "Φ 0 " is the flux quantum. This correspondence follows from the fact that in the presence of an external flux "Φ", one obtains an equivalent problem with twisted boundary conditions. From Eq.1 it follows that the twist of the boundary condition is realized when one shift the zero mode operatorĴ toĴ + 2Φ/Φ 0 . As a result the zero mode Hamiltonian H (n=0) 0 will be shifted by, (2π/L)(vK)hĴΦ/Φ 0 + Const. As an explicite example we consider the effect of the static impurity on the "persistent current" in the limit L/L T > 1. Using the results given in Eqs.17 and 18, we find in the limit Φ/Φ 0 → 0
Next we return to the time dependent impurity driven by the frequency 2πf when f DS → 0. We compute the expectation values Ĵ n=0 , Ĵ 2 n=0 and cos[2π(
We find:
As a result we obtain:
Eq.21 shows that in the quantum wire limit As a result the current will depend on the frequency "f ". The current will be non-zero if 2πf
the current will vanish.) The direction of the current is determined by the initial phase of the driven field. Formally the direction of the current is determined by the total phase
When the phase increases, the direction of the current is positive. The positive current (Ĵ > 0) corresponds to µ L − µ R > 0. Therefore a positive current corresponds to the direction of a current which will flow when µ L > µ R .
b) Next we consider the low temperature limit
For this case the discrete spectrum of the zero mode Hamiltonian Eq.4 becomes essential. We will consider two problems: 1) f = 0 and f DS = 0, and 2) f = 0 and f DS = 0. We start with f = 0 and f DS = 0.
Using the statistical mechanics of the zero mode partition function
In Eq.22 µ is the step function. (At a finite temperature Eq.22 is replaced by a Fermi-Dirac
We observe that the current is quantized in units of the balistic time of flight f
We introduce the notation [
] to be the integer part of the ratio
Eq.23 shows that Ĵ n=0 is nonzero if the frequency f DS is larger than the fundamental standing wave frequency f B /2. Using Eq.23 we obtain for the current:
In order to consider the case f = 0 and f DS = 0 in the limit L T /L > 1 we compute Ĵ n=0 and Ĵ 2 n=0 . Since eV DS = 0 it follows from Eq.22 that Ĵ n=0 = 0. The value of Ĵ 2 n=0 is determined by the charge fluctuations. We use µ F def = µ L = µ R = eV GS as the chemical potential for the charges. For simplicity we consider K = 1. As a result we obtain,
Using these results we find for the current fluctuations:
Using Eq.16 and as a result we find that the current is controlled by f and
The current is non-zero for |f GS − (n −
At T → 0 the derivative of the Fermi-Dirac function is replaced by a delta function:
The results in Eqs.27 and 28 reflects the quantization of charge in the wire. Therefore each maximum in Eq.28 corresponds to a new added charge in the wire. ) the system conducts. The wire starts to conduct when one electron is added to the system. The current is periodic with the gate voltage V GS and the height of the current is controlled by the driving frequency f and temperature T . For temperature K B T ≫ hf B the periodic behavior in f GS will not be observed.
For K < 1 we obtain a similar expression as the one given in Eq.26. As a result we find that the current at T → 0 is given by Eq.28 except that f B is replaced by f B /K! At finite temperatures we can not express the current by a simple Fermi-Dirac derivative as the one given in Eq.27. The reason is that the partition function is given as a sum of partition
c) In the last part of this paper we show that whenλ = 0 and L T = ∞ the conductance depends on the interaction parameter K and only when we take the length of the system L → ∞ we find G = 
The result in Eq.29 follows from the fact that the interactions renormalize the current to I = evK LĴ whereĴ = N L − N R is defined in terms of the non-interacting densities, N L and N R . We couple to the reservoir the non-interacting N L and N R and not the conserved
. As a result we find the same results as in Ref. [1, 10, 11] . At T = 0 and L → ∞ we can easily derive this result. At T = 0 and L → ∞ we introduce a quantum Hamiltonian H = H 0 + h, H 0 is given in Eq.4 and V DS .
In conclusion we can say that the zero mode formalism is the proper one for computing the macroscopic current. We emphasize that the method presented here for computing the current in the limit L T /L > 1 is essential for obtaining correct results. In the limit L T /L ≥ 1 the current is controlled by the fermionic spectrum which is completely absent in the standard bosonization method. As an explicit demonstration of the method we have computed the Luttinger liquid current in the presence of a time dependent impurity.
